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Abstract: IntervalTree is a search tree used for maintaining dynamic sets, specifically designed for efficient storage and
retrieval of interval collections. The current implementation of IntervalTree involves modeling and verification in Isabelle/HOL,
where interval information is expanded upon a binary search tree. However, the time complexity of the basic operations supported
by the IntervalTree structure is relatively high. To address this issue, this paper proposes the IntervalTree+ structure, augmenting
nodes of the IntervalTree with additional color information to ensure tree balance. As compared to the original IntervalTree
structure, the worst-case time complexity for operations such as insertion and deletion is improved from O(n) to O(log n) in the
IntervalTree+ implementation. Subsequently, functional modeling of the IntervalTree+ structure and its operations is performed
using the Isabelle theorem prover. Mechanical verification of invariants is conducted to ensure the correctness and reliability
of IntervalTree+ structure operations. Additionally, for the first time, a generic verification specification for region matching
algorithms is proposed to address correctness verification issues across a series of such algorithms. The proposed IntervalTree+
structure has been rigorously verified through formal mechanization. Compared to IntervalTree structure, its worst-case time
complexity is optimized from O(n) to O(log n). This optimization makes it applicable to algorithmic enhancements in areas such

as region matching, visual logging, and model evaluation.
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5.2 “HXIGLAEEENEARIERY

FET Nipkow ™ 48 H A9 = X8 R IR IFAESE , A 3L
P BT DX G P AR 1 3 P 4 i R Y 3238 P 56 i AR
Ly AT AL B 428 Z SRR, T AT B EAS W] 4
sl N DR JUNIGE N7

X3 (locale ) & —F AR 7 B AL FN 2 Ml i 52 FH AL

il , fE 70 43 e 3k pR B R 7 45 4 =2 (8] 52 24k 1) AR DG
F 3 g X T S SO P A 56 TE LY, DR
FRAIE B 59 7 Y L T 0 LS ik . PRk, 2T To-
cale 25 Hy T X 3k DT fig 55 45 9 3l 50 5F #E 29 Re-
gion_Match,ﬂU@SFﬁﬂ?.

11 a g
1fixes f—)mpty oS
\fixes insert :: "'a = 's = 's"

i
\fixes delete :: "a = 's = 's" LR §
\fixes isin :: "'s = 'a = bool"
fixes set :: "'s = 'a set"
fixes invar :: "'s = bool’
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
assumes sef_empty: "set empty = {}"

assumes set_isin:  "invar s = isin s X = (x € sets)"
assumes set_insert: "invar s = set(insert x s) =sets U {x}"
assumes set_delete: "invar s = set(delete x s) = set s - {x}"
assumes invar_empty: "invar empty"

assumes invar_insert: "invar s = invar(insert x s)"

assumes invar_delete: "invar s = invar(delete x s)"

BRI

2 |fixes Search :: "'t = 'a::linorder ivl = bool"

\fixes X_overlap::"'S ='t 'R =bool" !
ifixes Y_overlap::"'S ='t 'R =bool" !
iﬁxes Judge::"'S ='t 'R =bool"
tfixes match::"'S 't =R =bool” ________________
assumes set_overlap: "invar s = Search s x = has_overlap (set s) X"
assumes match_correct:"invar s =match cs s 1=

pick sy S|
(X_overlap cs st /\Y_overlap cs s /\Judge cs s1)"

PEl5 DA IC e A ik 3 B iE ML 24

TE DX 8 G e 5392 38 ) 06 S0E R0 24 v, AR SC el A fixes
KA LT KL R Ak R iz bR S
1722 6] (%) 22 55 00 24466 1 assumes F28EF2E X, UL &Y
L ACIY R S BT ARl AN [R) I FH S 0ok DX 3k DG e 5 ik
S A A B 45 28 A R el A5 DX DG L SR R
RIGHEA Y k.

5.3 E T IntervalTree+ ) DDM [X i3 IT &t & % #1
WAL 3 IE

X3 S, AT DAERR S 0 B R SCh i AT s A

i R, CRE DX 3 1 P A 2, (AL P eR B304 ) BBk

s B A B SC, AT AT RATE 26 B SO AT
SN 3E 5 interpretation iy 4> T IX 38 K H B A
AR R YR BN SCRHSE e BT 5 2 Ry X
IR DT Fie 58035 38 901 L 29 Region_Mtach , i i35 H: X Jg
fi B nI 7551 FRMA , 11 6 fif 7w

X 38 it B 52 904K oA FRMA Ji (1) 32 56 A 24 565 1E 3
W7 Firs Ok DX DG PE 5 TE A R S IE, AR S
A T LE A 1 O LB AR A2 A TIERA . E FRMA 932
EALAIE IR R rh, XSV FE A 1Y) 9 4522 AR 2 4
F 38 7 258 BT IR . o, A G5 Y 2 SR AR ALY



480

g

2025 4F

|
|
|
|
|

locale Tree =

fixes empty :: "'s" _—p>
fixesinsert:: Ma 's 's" _—p
fixes delete ::"a  's 's" —_—>
fixesisin:: s 'a  bool" _—>
fixesset :: "'s  'aset" _——>
fixes invar :: "'s  bool" _—p
X AR Se ik

locale Region_Match = Tree +

fixes X_overlap::"S 't 'R bool" —_—>
fixes Search :: "t 'a:linorderivl  bool" —
fixes Y_overlap::"S 't 'R bool" —_—>
fixes Judge:™S 't 'R bool" e
fixes match::"S 't 'R bool" —_—

X e sk

interpretation FRMA :Region_Match

where empty = Leaf and insert = insert_IntervalT and delete = delete_IntervalT

and Search = search and isin =isin_IntervalT and set =set_tree

and invar = invar_Bltree and match = Match

and X_overlap =X has_overlap and Y_overlap=Y_has_overlap and Judge = judge

% Interval Tree+ 4514

Interval TreeHffi A J

Interval Tree il FR 5 {F

Interval Treet+ A $R 45 1

Interval Tree - i 8 &

Interval Tree+ AN ik

ey

(_intervalTreeHBZ M)
(@Y S D)
CATa 5T iRy %ILAL )
C (RS D
C_ At )

FRMA

assumes set_empty:
assumes set_isin:

proof (standard, goal_cases)

"set empty = {}"

[E6 DI e B ik X dsl T e 4 12

|
St |
"invar s = isin s X = (x € set s)" L |
assumes set_insert: "invar s = set(insert x s) =set s U {x}" |
assumes set_delete: "invar s = set(delete x s) =set s - {x}" :
| assumes invar_empty: "invar empty" |
| assumes invar_insert: "invar s = invar(insert x s)" |
assumes invar_delete: "invar s = invar(delete x s)" |
assumes set_overlap: "invar s = Search s x = has_overlap (set s) x" :
assumes match_correct:"invar s =match cs s 1= |
(X_overlap cs st AY _overlap cs s r AJudge cs s )" :
; e i A FA LA P B
Eraliue

|
|
|

|
|
|
|
|
|
|
|
|
|
|
|
|

|

|
L

case 1

then show ?case by (simp add:invar_Bltree_def inv_bst_def)

next

SEFE3

case (9sCSr)

then show ?case by (simp add:

|
|
|
|
next |
case 2 :
then show ?case by (simp add:|set_isin| |
next 5 |
case (3 sx) eI |
then show ?case by(simp add: [set_insert) :
next SETHG |
case (4 sx) |
then show ?case by(simp add:|set_delete)) |
N |
next ) i
case 5 |
then show ?case by (simp add: inv_bst_def invar_Bltree_def) |
next |
case (6 s x) |
then show ?case using invar_Bltree_def|BIT insert by auto :
next e |
case (7 s x) |
then show ?case using invar_Bltree_det|BIT_delete by auto |
|

next vy

CHEL

case (8 s x) e :
then show ?case using|BIT_search|by auto |
|
|
|
|
|

qed

match_correct]

F7  SEIAE FRMA 5505 5 32 S 2 A UE D i 7

set_empty Fll invar_empty ] 3 8 pR B0 58 BUERH |, J6
o Fa) 38 B 5 TR 7 AR AR LY, AR SCGE Ao R 1 B 1~
EPRT SERE . PR 1AE FE 2 43 51 )2 Interval Tree+
TN 3 45 A 2 O 240 A 3 1) I P 38 L o T L7
53 5 JE Interval Tree+4ffi A A1 22 55 A0 2 749 38 1) 1E 66 1k
FE B 7 B 5 02 Interval Tree+ i $% 152 15 12 55 A0 24 44 15 1)
R E P ; 2 PE 3 J2 Interval Tree+ 18 R ELVE 2 5581 24
AT ) T 1 o B 5 o L 4 2 DX G P A 2 B L 2
T I AEBA PR E B . 9 7 458 B TE Tsabelle HP g% HLAR AL
TEHT .

(i F Isabelle/HOL PN & A LS A= i S export_codem] s
AT DLRF B IE 5 A DDM X UG BR300 [ 2l 4 ke g 19
Haskel 55 M AT HUATRRT . 641, T LKA SCHE T 1 —
A DX S VC e 35 3 9 E AL 2 4 e 3 22 4 X Sl DT e, 5
7 FH T B S R DX sl G e Rk o

BEERE

AR HT Nipkow A5\ HEH Y Interval Tree 2544 , Xt
HAT iR A A B B A S TR ORAIE 1R YA,
WAL T IntervalTree+45 ¥ 3 7E Isabelle/HOL SZ BE T 4
AR A5 2R A R R B AR AR LA A
B UEPRAIE 1 IR | AR AR e IR i (8] 52 2% AR EL T
IntervalTree 544 FH O(n) 2 2] O(log n).

AR SO B AR T DX R DG AR SRR 2
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2 1E B Interval Tree+ 5544 (1) PR B EEAEE UK AL 56 31E S L FH 481

Y TE R 24 T IR AN ] 107 FH 375 S i ae DXl e g 52 497)
LB ZE X PE A e . LT Interval Tree+ 2514 5 X
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